Abstract. We show that there are non-desarguesian affine planes of order 16 for which the binary codes have vectors of minimum weight that are not the incidence vectors of lines. This is is contrast to the desarguesian case and answers an open question as to the nature of the minimum words of the code of a non-desarguesian affine plane. Further, we show that all the nontranslation planes of order 16 have hull of minimum weight smaller than 32, in fact containing words of weight 24. Most of these words of weight 24 yield words of weight 16 in the binary code of some affine plane of order 16 that are not the incidence vectors of affine lines. The search has also shown that all the non-desarguesian planes of order at most 16 are not tame. These results are also in contrast to what is known in the desarguesian case. The results are mainly by computer, using Magma.
Introduction
An early observation in the study of the p-ary codes from a projective plane of order n divisible by p was that the minimum weight of the code is n + 1 and the minimum words are the scalar multiples of the incidence vectors of the lines. A similar study of the codes of an affine plane of order n again gives the minimum weight as n, the minimum words as constant vectors, but no further deduction regarding the nature of the minimum words, apart from in the desarguesian case (see [1, Chapter 6] ). We show here that non-desarguesian affine planes can have other vectors of minimum weight in their codes by exhibiting some such vectors in some of the planes of order 16. These words showed themselves in the process of examining the hulls of the non-desarguesian planes of order 9 and 16, with
We thank John Cannon for completing a number of computations that were not feasible on our smaller machines, in particular for finding the minimum weight of the hull for all the nontranslation planes of order 16. the object of finding out if any of these planes are tame. The concept of a tame projective plane was introduced in [1, Definition 6.9 .1] as a tool in the search for a coding-theoretic classification of projective planes. A projective plane of order n is tame at a prime p if the hull of the plane, i.e. the intersection of the code of the plane over F p with its dual code, has minimum weight 2n and the vectors of weight 2n are precisely the scalar multiples of the differences of the incidence vectors of two lines. From work of Delsarte, Goethals and MacWilliams, and quoted in full in [1, Chapters 5, 6] , it is known that this is true for all desarguesian planes. The possibility that the desarguesian planes are the only tame planes arises.
Here we have examined computationally, using Magma [3, 4] , all the nondesarguesian planes of order 9 and 16. We found that none of them are tame. This was done by either exhibiting words of weight 2n (for n = 9 or 16) in the hull that are not the difference of the incidence vectors of two lines, or, for all of the non-translation planes of order 16, finding that the hull has words of weight 24, i.e. less than 32, the known upper bound for the minimum weight of the hull. Further, due to the nature of almost all of these words of weight 24, we found that by choosing a line that intersects the support set of the weight-24 vector suitably, and taking this as the line at infinity, the resulting vector in the affine plane is a vector of weight 16 that is not an incidence vector of an affine line. This provides an example for [1, page 213] or [2, page 10] in the case of affine planes of even order.
The fact that the hull, and hence the code, has vectors of weight less than 2n, but greater than n + 1, also answers another question that is currently being studied, following the work of Chouinard [5, 6] . The question raised there related to the observation that the p-ary code of a desarguesian plane of order q = p t for some t appeared to have a gap in the weight enumerator between q + 1 and 2q. Chouinard showed that this is always the case for q = p, and that it is also true for the three non-desarguesian planes of order 9. Further results for desarguesian planes of order p 2 and p 3 have now been established in [11] . Our findings for the non-translation planes of order 16 show that all of them have words in the hull, and hence in the code itself, in this gap.
We summarize our findings in a proposition: We will exhibit our findings and the nature of the words in Section 3, and give a reference to a website where the planes and these words can be found, so that the reader may verify the computations regarding the existence of the given words in the hull. In Section 2 we will give the definitions and the background results, including some general results for non-tame planes.
Background and terminology
An incidence structure D = (P, B, I), with point set P, block set B and incidence I is a t-(v, k, λ) design, if |P| = v, every block B ∈ B is incident with precisely k points, and every t distinct points are together incident with precisely λ blocks. A 2-(n 2 + n + 1, n + 1, 1) design, for n ≥ 2, is a finite projective plane of order n. We write P G 2,1 (F q ) or P G 2 (F q ) for the desarguesian projective plane, i.e. the design of points and 1-dimensional subspaces of the projective space P G 2 (F q ). Similarly, AG m,t (F q ) will denote the design of points of the affine space AG m (F q ) and t-flats, where t ≥ 1. If S is a set of points in a plane and if L is a line of the plane that meets S in m points, then L will be called an m-secant to S. A Baer subplane of a plane Π of square order n 2 is a subset of n 2 + n + 1 points of Π which is such that lines of Π meet it in 1 or n + 1 points; the points and the (n + 1)-secants form a subplane of Π of order n.
The code C F of the design D over the finite field F is the space spanned by the incidence vectors of the blocks over F . We take F to be a prime field F p and the prime must divide the order of the design, i.e. n for a finite plane of order n. If the incidence vector of a subset Q of points is denoted by v Q , then C F = v B | B ∈ B , and is a subspace of F P , the full vector space of functions from P to F . A linear code over F q of length n, dimension k, and minimum weight d, is denoted by [n, k, d] q . If c is a codeword then the support of c is the set of non-zero coordinate positions of c, and the weight of a vector is the size of its support. A constant word in the code is a codeword, all of whose coordinate entries are either 0 or 1. The value of c at the coordinate position X will be denoted by c(X). For any code C, the dual or orthogonal code C ⊥ is the orthogonal under the standard inner product, i.e.
The hull of a design with code C is C ∩ C ⊥ , written Hull(D). A binary code is doubly-even if all of its codewords have weight divisible by 4. An automorphism of a code C is an isomorphism from C to C.
The following is in [1, Theorem 6.3.1]:
Result 2.1. Let Π be a projective plane of order n and let p be a prime dividing n. Then the minimum-weight vectors of C p (Π) are precisely the vectors of the form av L , where a is a non-zero scalar and L is a line of Π. Further,
The result for affine planes is in [1, Theorem 6.3.3]:
Result 2.2. If π is an affine plane of order n and p is a prime dividing n, then the minimum weight of C p (π) is n and all minimum-weight vectors are constant.
A further general result concerning affine planes is [1, Corollary 6.4.3]:
Result 2.3. If Π is a projective plane of order n and p is a prime dividing n with the minimum weight of Hull p (Π) = 2n, then every affine part π of Π has the property that C p (π) has, as minimum-weight vectors, only the scalar multiples of the incidence vectors of the lines of π.
The situation for the codes from desarguesian planes is quoted in [1, Theorem 6.4
.2]:
Result 2.4. Let p be any prime, q = p t , and
The minimum-weight vectors of C p (Π) and of
⊥ are the scalar multiples of the incidence vectors of the lines. The minimum weight of Hull p (Π) is 2q and its minimum-weight vectors are the scalar multiples of the differences of the incidence vectors of distinct lines of Π.
The minimum weight of both C p (π) and C p (π) + C p (π) ⊥ is q, and the minimum-weight vectors of C p (π) are the scalar multiples of the incidence vectors of the lines of π. The minimum weight of Hull p (π) is 2q, and the minimum-weight vectors are the scalar multiples of the differences of the incidence vectors of distinct parallel lines in π.
As mentioned in Section 1, codes from projective planes of order n appear to have no vectors of weight k where n + 1 < k < 2n. This is proved by Chouinard [5] for the planes P G 2 (F p ) where p is prime, and, recently, in [11] for P G 2 (F p 2 ) and P G 2 (F p 3 ). Also it was shown in [6] that the three non-desarguesian planes of order 9 satisfy this.
The notion of a tame plane was introduced in [1, Section 6.9] in connection with a rigidity theorem for a class of projective planes. Given a set of points S in a design D the intersection numbers associated with S are the sizes of the intersections of the blocks with S. Thus in a 2-design an arc has intersection numbers from the set {0, 1, 2}. A non-empty set S of points in a plane is said to be of even type if every line of the plane meets it evenly. It follows that |S| and the order n of the plane must be even, and that |S| = n + 2s, where s ≥ 1. The incidence vector of a set of even type is thus clearly in the orthogonal binary code of the plane. More specifically, a set of points will be said to have type (n 1 , n 2 , . . . , n k ) if any line meets it in n i points for some i, and for each i there is at least one line that meets it in n i points. Thus the set is of even type if all the n i are even. An arc S is complete if no point can be adjoined without S losing the property of being an arc. The secants (also called 2-secants) to a complete arc cover all the points of the design. Given a set of points S in a design D the intersection numbers associated with S are the sizes of the intersections of the blocks with S. Thus in a 2-design an arc has intersection numbers from the set {0, 1, 2}.
The following was proved in [8] :
Result 2.6. Let Π be a projective plane of even order n and suppose that S is a complete n-arc in Π. Then the set T of tangents to S in the dual plane Π t has incidence vector w T in the binary hull of Π t . Furthermore, the vector w T is not the difference of the incidence vectors of two lines in Π t .
The Hall plane of order q 2 , when q = 2 m and m ≥ 4, has complete q 2 -arcs, by Menichetti [13] , and the 2q 2 tangents to an arc of this type form a set of even type in the dual plane. Using this, the following was obtained in [8] :
Result 2.7. Every dual Hall plane of even square order n has a vector of weight 2n in its binary hull that is not the difference of the incidence vectors of two lines.
It was mentioned in [1, page 231 ] that the hull of a translation plane of order q must have minimum weight 2q, due to the fact that the codes of these planes are inside finite geometry codes over F p , where q is a power of p, and hence the results of Delsarte et al. show that the minimum weight is 2q. However the nature of the words with respect to the lines of the translation plane is not, in general, known. Thus these planes might not be tame even though they have the correct minimum weight. Non-translation planes might not be tame for this reason or for the reason that they have lower minimum weight (necessarily between q + 2 and 2q).
Words in the hull
All our computational findings can be found at www.math.clemson.edu/˜keyj under the Magma results, heading "tame search". There are 24 files listed there, three for the non-desarguesian projective planes of order 9, and 21 for the nondesarguesian projective planes of order 16. Each file contains the lines of the relevant plane, and the set of points, usually called w24 or w32 in the case of order 16, whose incidence vector is in the hull of the plane and which shows that the plane is not tame, or, in addition, that the hull has lower minimum weight.
All the planes of order 9 and all those of order 16 are known: there are four of order 9, and 22 of order 16. The four projective planes of order 9 are: the desarguesian plane, Φ, the translation (Hall) plane, Ω, the dual translation plane, Ω D , and the Hughes plane, Ψ: see [15, 10] . For the planes of order 16 we will use the notation and labelling of [8] . The planes were originally obtained from the ftp site cs.uwa.edu.au in the directory pub/graphs/planes16 [14] . A more recent site is [16] .
Planes of order 9
Each of these was found to have words of weight 18 in the hull with support set S = S 1 ∪ S 2 where S i , for i = 1, 2 is an affine plane AG 2,1 (F 3 ). The set S is of type (0, 2, 3, 6 ). The three 6-secants meet the two planes in a parallel class each, and the three lines meet at a point on the line at infinity. The other lines of each of the affine planes are external to the other plane and the three remaining parallel classes for these planes meet the line at infinity at a further three points, so that the four points on that line will form the line at infinity for the Baer subplanes.
The three remaining points on the 6-secants form a further affine subplane S 3 that has the same properties. The tangents to the three planes are shared, i.e. each tangent to the one is a tangent to the other. Then we have, in each case,
, where Π is the projective plane of order 9, or similarly for any choice of two of the planes S i . Thus the projective planes are not tame.
Additionally, Chouinard [6] showed that 18 is the minimum weight in each case since he showed that there are no words in the code of weight in the range 11 < k < 18.
Planes of order 16
We examined all the 21 non-desarguesian planes of order 16, using the planes as found in [14] and the notation of [16] . Our numbering of the planes that can be found at www.math.clemson.edu/˜keyj follows that in [8] . We list our findings in Table 1 , where each line corresponds to a plane and its dual plane. The dimension of the code is given, followed by the weight of the word that was found in the hull of the code and the hull of the dual plane, respectively, that showed that the plane is not tame, or, in addition in some cases, that 32 is not the minimum weight. The next column gives the type of the support of the word in the code and the dual plane, respectively. These are just examples and are not claimed to be the only type. In fact some words in the dual Hall plane come from the construction in Result 2.7. The seven non-desarguesian translation planes are listed in the first seven rows of the first column, and necessarily have their hulls of minimum weight 32. All the computations were done on the Mac OSX version of Magma, apart from that for DDEMP, the dual Dempwolff plane. We thank John Cannon for showing that the hull of this plane has minimum weight 24 and for obtaining a word of weight 24 for this plane. We also thank him for showing that 24 is indeed the minimum weight of the hull in all the non-translation planes of order 16, i.e. that none of the hulls have words of weight 20, the next possible weight due to the hulls being doubly-even.
Apart from those in BBS4, all the words of weight 24 that we found have support of type (0, 2, 8), i.e. sets of points of size n+t and type (0, 2, t) where n = 16 and t = 8. Sets of this type in the desarguesian planes of even order were studied in [9] , and in [7] . As discussed in [8] , the 8-secants partition the set of points, and it also follows that the 8-secants meet in a point (outside the set), called the 8-nucleus of the set. The incidence vector of such a set is clearly in the dual of the code of the plane, but it is surprising to find it in the hull, and thus in the code. Sets of this type in P G 2 (F 16 ) were constructed in [9] , but note that there is an error in their description in Theorem 6: the set {w 1 , . . . , w 7 } = {1, ζ, ζ 2 , ζ 4 , ζ 5 , ζ 8 , ζ 10 } will work, but not the one given in the paper.
If the plane has a word w of weight 24 in the hull, and hence in the code, with support of type (0, 2, 8) then, if is an 8-secant to the support S of w, the affine plane π formed by taking as the line at infinity will have the property that v S\ ∈ C 2 (π), and this is not the incidence vector of a line. The resulting word in the affine plane is the incidence vector of two sets of eight points on each of two parallel lines. All the non-translation projective planes of order 16, apart, possibly, from BBS4, have weight-24 vectors of the type (0, 2, 8). The support of the words of weight 24 in BBS4 that we found are of type (0, 2, 4) and are the union of two disjoint complete 12 arcs. The two arcs have common tangents (72 of them) and 18 common 2-secants, which form the 4-secants of the union. Thus there is not a 4-nucleus. Of course the translation planes will not have such vectors and must have the hull of minimum weight 32. This proves nothing about their affine parts.
For the seven translation planes, where the minimum weight is known to be 32, words of weight 32 were found that have support sets of type (0, 2, 4, 8). All these sets have four 8-secants that partition the set and meet at a point outside, an 8-nucleus. Apart from the set from SEMI2, the sets are the union of two disjoint affine planes of order 4.
Conclusion
Further computations with some planes of order 25, 27 and 32 uncovered some more planes that are not tame. For example, all the non-desarguesian translation planes of order 32 are not tame; each has words of weight 64 in the hull whose support set has type (0, 2, 4, 16). Also, in one of the translation planes of order 27, and in the dual of the Andre plane, a word of weight 54 in the hull was found, of the form v S1 −v S2 where each S i has size 27 and is a (0, 1, 3, 9) set, each with three 9-secants that are common and meet in a point. T. McDonough [12] has found by computation many more words of this form in the hulls of the non-desarguesian planes of order 25 and 27.
